ASSOCIATED GRADED ALGEBRAS AND COALGEBRAS 
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Abstract. We investigate the notion of associated graded coalgebra (algebra) of a bialgebra 
with respect to a subbialgcbra (quotient bialgebra) and characterize those which are bialgebras 
of type one in the framework of abelian braided monoidal categories. 



Contents 

Introduction 1 

1. Preliminaries and Notations 2 

2. The Associated Graded Coalgebra 4 

3. The Associated Graded Algebra 1C 

4. The Associated Graded Coalgebra of a Bialgebra With Respect to a Subbialgebra 14 

5. The Associated Graded Algebra of a Bialgebra With Respect to a Quotient bialgebra 18 
Appendix A. Technicalities 22 
References 24 



Introduction 

Let H be a braided bialgebra in a cocomplete and complete abelian braided monoidal category 
(A4,c) satisfying AB5. Assume that the tensor product commutes with direct sums and is two- 
sided exact. Let M be in ^Ai 1 ^. Let T = Th{M) be the relative tensor algebra and let T c = 
Tfj(M) be the relative cotensor coalgebra as introduced in AMS1| . Then both T and T c have 



a natural structure of graded braided bialgebra and the natural algebra morphism from T to T c 
which coincide with the canonical injections on H and M, is a graded bialgebra homomorphism. 
Thus its image is a graded braided bialgebra which is denoted by H[M] and called the braided 
bialgebra of type one associated to H and M. Ordinary bialgebras of type one were introduced by 
Nichols in ]N| . They came out to play a relevant role in the theory of Hopf Algebras. In partic ular , 



their " coinvariant" part, called Nichols algebra, has been deeply investigated, see e.g. [Rc], |A 
and the references therein. 

Let B «->• E be a monomorphism in M. which is a braided bialgebra homomorphism in M.. 



Under some technical assumptions, we prove in Theorem 4.7 that the following assertions are 
equivalent. 

(1) grsE is the braided bialgebra of type one associated to B and ^> EJ -' 



(2) grgE is strongly N-graded as an algebra (in the sense of Definition 3.2). 

(3) ©„£n-B Ae ™ +1 is strongly N-graded as an algebra. 

(4) B^En+i = i B Ae B y E n foj . eyery n > 2 

Here grsE denotes the associated graded coalgebra O n efi B R A E t ■ As an application, in Corol- 



lary 4.8, we consider the case of a subbialgebra H of a bialgebra E over a field K. 

Similar results are obtained in the case grjE :— <S) n &\ jl+i where / is the kernel of an epimor- 
phism 7r : E — > B which is a braided bialgebra homomorphism in A4 . 
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The paper is organized as follows. In Section |l| we recall some definitions and introduce basic 
notations needed in the paper. In Section @, we prove that the associated graded coalgebra grcE := 
j fjA E n for a given subcoalgebra C of a coalgebra E in Ai, is a strongly N-graded coalgebra 



(see Theorem 2.1C ) and hence it can be characterized as in Theorem 2.12. Dual results are obtained 
in Section ||for the associated graded algebra grjA := ffi n gn f f +1 , where / is an ideal of an algebra 
A m Ai. In Section [|, we firstly show th at grsE is a graded braided bialgebra in {Ai,c) (see 
Theorem 4J3) and then prove Theorem 4/7 which is the main result of the paper. Section pi deals 
with the dual results. For the reader's sake, some technicalities are collected in Appendix |Aj. 

Finally we would like to outline that many results are firstly stated and proved in the coalgebra 
case where we found the proofs less straightforward. Also proofs in the algebra case are not given 
when ever th ey would have been an easy adaptation of the coalgebra ones. 

In | AM2 |, results of the present paper are applied to study strictly graded bialgebras. 



1. Preliminaries and Notations 

Notations. Let [(A, ix)] be a subobject of an object E in an abelian category Ai, where 
ix = ix '■ X E is a monomorphism and [(X, ix)] is the associated equivalence class. By abuse 
of language, we will say that (X,ix) is a subobject of E and we will write (X, ix) — (Y,iy) to 
mean that (Y, iy) € [(A, ix)]- The same convention applies to cokernels. If (X,ix) is a subobject 
of E then we will write (E/X,px) — Coker(ix), where px = Px '■ E ^ E/X. 



Let (Ai 



be a subobject of Y± and let (X2, ) be a subobject of Yi. Let x : X\ — > A 2 and 



y ; Yi Y2 be morphisms such that yoi 



;Y 2 



Then there exists a unique morphism, which 



we denote by y/x — | : Y\/X\ 



Y 2 /X 2 , such that I op\ = p\ o y: 




8 UtV will denote the Kronccker symbol for every u, v € N. 



1.1. Monoidal Categories. Recall that (see [Ka, Chap. XI]) a monoidal category is a category 
Ai endowed with an object 1 G Ai (called unit), a functor <g> : Ai x Ai — > Ai (called tensor 
product), and functorial isomorphisms ax,y.z ■ ( A ® Y) ® Z — » A ® (Y (g> Z) , Ix ■ 1 ® A — > A, 
rx '■ X (8 1 — V X, for every A, Y, Z in Ai. The functorial morphism a is called the associativity 
constraint and satisfies the Pentagon Axiom, that is the following relation 

(U ® ay,w^x) au,v®w,x {a>u,v,w ® X) = auy,w®x au®v,w,x 

holds true, for every U, V, W, X in A4 . The morphisms I and r are called the unit constraints and 
they obey the Triangle Axiom, that is (V €3 lw) a-v.i.w — ry ® W , for every V, W in Ai. 

A braided monoidal category {Ai, c) is a monoidal category {Ai, 0,1) equipped with a braiding 
c, that is a natural isomorphism cx,y '■ A <g> Y — > Y <g> A for every A, Y, Z in Ai satisfying 

c x ®y,z = (cx,z ® F)(AO cy iZ ) and c x>r(g , z = (F ® c x ,z)(cx,t ® 



For further details on these topics, we refer to [Ka, Chapter XIII 



It is well known that the Pentagon Axiom completely solves the consistency problem arising 
out of the poss ibility of going from {{U <g> V) <g> W) ® X to U ® (V ® (W ® A)) in two different 
ways (see |Mjl , page 420]). This allows the notation X% (8> ■ • • ® A„ forgetting the brackets for 
any object obtained from Ai, • • • A„ using ®. Also, as a consequence of the coherence theorem, 
the constraints take care of themselves and can then be omitted in any computation involving 
morphisms in Ai. 

Thus, for sake of simplicity, from now on, we will omit the associativity constraints. 

The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can be 
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introduced in the general setting of monoidal categories. Given an algebra A in Ai on can define the 
categories aM, Ma and aMa of left, right and two-sided modules over A respectively. Similarly, 
given a coalgebra C in M, one can d efine th e categories of C-comodules C M, M c , C M C . For 
more details, the reader is referred to [AMS2|. 

Definitions 1.2. Let M be a monoidal category. 

We say that A4 is an abelian monoidal category if M. is abelian and both the functors X ® (— ) : 
M — > M and (— ) <g> X : M — >• M. are additive and right exact, for any X G M. 
We say that M. is an coabelian monoidal category if Ai° is an abelian monoidal category, 
where Ai° denotes the dual monoidal category of M.. Recall that Ai° and M. have the same 
objects but M°(X,Y) = M(Y,X) for any X,Y in M. 

Given an algebra A in an abelian monoidal category A4, there exist a suitable functor ®a : 
aM a x aM a — > aMa and constraints that make the category (a-Ma^ ®a, A) abelian monoidal, 
see [AMS2, 1.11]. The tensor product over A in M. of a right A- module V and a left A-module W 
is defined to be the coequalizer: 

(V ® A) ®W I V<E)W AXV ' W - V® A W 

Note that, since ® preserves coequalizers, then V ®a W is also an A-bimodule, whenever V and 
W are ^-bimodules. 

Dually, let M be a coabelian monoidal category. 

Given a coalgebra (C, A,e) in M, there exist of a suitable functor D c ■ C M C x C M C -> C A^ C 
and constraints that make the category ( c Ai c , Oc, C) coabelian monoidal. The cotensor product 
over C in A4 of a right C-bicomodule V and a left C-comodule W is defined to be the equalizer: 

^ VD C W cn ' W > V®W I V <g> (C ® W) 

Note that, since <S> preserves equalizers, then VDcW is also a C-bicomodule, whenever V and W 
are C-bicomodules. 

1.3. Graded Objects. Let (X n ) n( - N be a sequence of objects in a monoidal category M. which is 
cocomplete abelian and let 

be their coproduct in Ai. In this case we also say that X is a graded object of Ai and that the 
sequence (X n ) ngN defines a graduation on X. A morphism 



is called a graded homomorphism whenever there exists a family of morphisms (/„ : X n — > Y n ) n£N 
such that / = © ra 6N/n i.e. such that 

f°ix n = *y„ ° /n. for every neN. 

We fix the following notations: 
be the canonical projection and let 



p n : X -> X„, 
: X n — > X, 



be the canonical injection for any n S N. 
Given graded objects X, Y in M. we set 

(x a ® n) . 

Then this defines a graduation on XcSil" whenever the tensor product commutes with direct sums. 
We denote by 

X a ®Y b la 4 {X®Y) a+b and (I®r)„ +4 ^ X a ®Y b 
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the canonical injection and projection respectively. We have 



(1) 
(2) 

where V 
and A 



E 

a+b—n 



EX.Y I X 
la,b [Pa 

a-\-b—n 



b ) a +b= n 
Y 



b ) a +b=n 



(Pa ®PX) a 



+b=n 



denotes the codiagonal morphism associated to the family (i* 
denotes the diagonal morphism associated to the family (p* ® Pb) a+ b 
2. The Associated Graded Coalgebra 



b I a +b=n 



2.1. Let M. be a coabelian monoidal category such that the tensor product commutes with direct 
sums. 

Recall that a graded coalgebra in M. is a coalgebra (C, A,e) where 

C = ® n mCn 

is a graded object of M. such that A:C^C®Cisa graded homomorphism i.e. there exists a 
family (A„) £H of morphisms 

Ap = A„ : C„ ^ (C ® C) n = ® a +b=n (C a ® C b ) such that A = ( 



jA,- 



We set 



A c b 

a,b 



A„ 



c a+b ^ b {c®c) a+h a -4 c a ®c b 



A homomorphism / : (C, Ac,£c) —> (D, Ad,ed) of coalgebras is a graded coalgebra homomor- 
phism if it is a graded homomorphism too. 

Definition 2.2. Let (C = ©„ £ nC„, A, e) be a graded coalgebra in M. In analogy with the group 
graded case (see [NT]), we say that C is a strongly N-graded coalgebra whenever 
Ap : d + j — ► C» ® Cj is a monomorphism for every i,j e N, 



where Ap^ is the morphism defined in Definition 2.1 



Proposition 2.3. [ AMI , Propositions 2.5 and 2.3] Let M be a coabelian monoidal category such 
that the tensor product commutes with direct sums. 

1) Let C — ©newCVi be a graded object of Ai such that there exists a family I Ap b ) 



A„,& : Ca+6 ~> C a ® Cb, 



of morphisms and a morphism Eq : Co — > 1 which satisfy 

(3) (A£ b 8 C c ) o A^ c = (C a ® A£ c ) o A£ b+c; 



(4) 



(C d 



(4 <8) C d ) o A^ = J^ 1 , 



for every a, &, c 6 N. XTien there exists a unique morphism Ac : C — > C ® C suc/i £/ia£ 

(5) (p£ ® pf ) o A c = A£ b o pp +b , /or ewery a, 6 g N 

holds. Moreover (C = © rae NC„, Ac, £c = e oPo) * s a graded coalgebra. 
2) If C is a graded coalgebra, then 

(6) A c o^ 



E 

a+b— n 



o A 



c 



holds, £c — EcioPo so that ec is a graded homomorphism, and we have that (j^j and (Qj hold for 
every a, b, c <E N, where Eq = £c*o- 

Moreover (Co, Ao = Aq ,Eq — £c*o') * s a coalgebra in M., i$ is a coalgebra homomorphism and, 
for every n £ N, (C n , Ap n , Ap ) is a Co-bicomodule such that p% : C — > C n is a morphism of 
Co-bicomodules (C is a C^-bicomodule through Pq). 



ASSOCIATED GRADED ALGEBRAS AND COALGEBRAS 



5 



Lemma 2.4. Let M be a coabelian monoidal category such that the tensor product commutes with 
direct sums. 

Let ((C a )aeTi, (Pc b )a.,beN) be a direct system in A4, where, for a < b, f3^ b : C a — > C b is an 



epimorphism. Assume that there exists a family ^A^ b 

A° b : C a+b ^C a ®C b , 
of morphisms and a morphism Sq : Cq — > 1 which satisfy (Qj, ^j, 

(7) ® C b ) o A£ 6 = A^ +M o f%<*^ and (c a ® f c \^ )oA^ A£ b+1 o 

/or every a, 6, c £ N. 5ef C_i := 0. 

Let \ E n , i% n ^j ■— ker ^/?^" +1 ) for every n £ N. 

TTiera C = ©newCn *s a graded coalgebra, there is a unique coalgebra structure on ® n ^\E n such 
that 

■C 

is a coalgebra homomorphism and 

1) E — ©ngpjE'n is a graded coalgebra such that ® n ^i E n is a graded homomorphism; 

2) (i£:®ig)oA£ 6 = A£ 6 oi££; 

3) £ B = £ £o^°opf. 

Proof. By Proposition 2.3, there exists a unique morphism A c : C — > C ® C such that (g) holds. 
Moreover (C = © rae NC ra , A c , e c = e^p^) is a graded coalgebra. 

By left exactness of the tensor functors, we have the exact sequence 

(8) 0^E a ®C b — ^ C a ®C b Ca -^ C a+1 ®C b . 
From 



0. 



(9) (fcT 1 ® C 6 ) o A£ 6 o i A^ +M o /^-^ o i % : 
and, by exactness of (^), there is a unique morphism o^f, : -E a +b E a (E) C b such that 

By left exactness of the tensor functors, we have the exact sequence 

E ®i Cb E 0/3 Cb+1 

(10) 0^E a ®E b a —? b E a ®C b "— E a ®C b+l . 
We obtain 

® C 6+1 ) o ® o a afi = (C a ® /3g +I ) o ® C 6 ) o a Q , b 

= (c o ®/3g +1 )oA^oiJ^ = 

where the last equality is analogue to (^|). Since i^ ® C b +i is a monomorphism, we deduce that 
(^E a ® Pc b b +1 ^ ° a a.b — so that, by exactness of ([To|), there is a unique morphism Af b : i? a+ h — > 
E a ® E b , such that 

(E a ® i^) o A* b = a tt)6 . 

We compute 



so that 2) holds true. 

Let us prove that A^ b fulfills (||). By 2), we infer 



® *it ® *£:) ° ( A f,t> ® ^) ° A a +b , c = (a£ 6 ® c c ) ° a^ +6 , c 1 



Ca+b+c 
E„A.h4- r . 
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,b+c ° l E a+b+c - 



(f£®i%\®i C E i) °(E a ® A fc £ c ) oAf ib+c = (C ®A£ c )oA£ 6 
Since C fulfills (||) and since ig" (8) i^/" ® «£ c is a monomorphism, we get (||) for £\ 
Let := o i'g' . Let us prove that (||) hold for By 2), we have 
(i%< d ®l)°(E d ®e§)oA% = (C d ®^)o(ig®ig°)oA| = (C rf ® £ g)oAg o^, 





°^ = ^oigj. 



By (|]) for C and since i E ^ d ® 1 is a monomorphism, we get the left e quat ion of (Q) for E. 
Similarly one gets the other equation. Thus, by applying Proposition [2.3| , we conclude that E is a 
graded coalgebra and 3) holds true. 

It remains to prove that i :— ©neN^g" ^ s a coalgebra homomorphism. For every a,i 6 N, we 
have 



E 

6 



a+b— n 



a+6— n a+&— n 



i = A f7 oioif 



and 



£ C o * o # = £c o £ o = ^ op ^ o £ o = 5 n ,o££ o i^g = £ o o eg op% o =E E Ol^ 
so that (i ® %) o A^ = Ac o i and £c ° i — ee- Thus i is a coalgebra homomorphism. □ 

Lemma 2.5. Let Ai a coabelian monoidal category such that the tensor product commutes with 
direct sums. 

Let ((C Q ) aeN ,(/3g) fiem) be an inverse system in M., where, for a < b, /3 C ° : C b — > C a is an 
epimorphism. Assume that there exists a family I A^ b ) 

AC b :C a+b ~>C a ®C b , 
of morphisms and a morphism Sq : Co — > 1 which satisfy (&), (^Jj 7 

(11) (/3g :+i ® C 6 ) oA^ +1)6 = A^o/3^ +i and (c a ® /3% +i ) o A£ 6+1 = A^o/3, 



c „ «c a+b 

C a+b+ i 



/or every a,6,cG N. Set C_i := 0. 

Let [E n , i^A := ker (PcT^ f or ever V n e N - 

Tften C = © n guC n is a graded coalgebra, there is a unique coalgebra structure on ® n ^E n such 
that 

ffin£N«is" : ®nenE n — > ©,k=nC„ 
is a coalgebra homomorphism and 

1) E — (B n< zfiE n is a graded coalgebra such that (B n eTii < E rl * s a graded homomorphism; 

2) (i£:®»§)oA£ 6 = A£ 6 oig£; 

3) e B = ef oigopf. 



Proof. It is similar to that of Lemma 2.4. □ 
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Lemma 2.6. Consider the following commutative diagram in an abelian category C. 



0- 



■ ker(/3) 



Y 



f 



W ■ 



X 



Assume that both f and g o i are monomorphisms. Then g is a monomorphism. 

Proof. Let £ : T — > Z be a morphism such that jo( = 0. Then /o/?o£ = aogo£ = 0so that, 
since / is a monomorphism, we get /3o( = 0. By the universal property of kernels £ factors to a 
map £ : T —> ker (/J) such that i o £ = £. 

Now g i oio£=gro£ = 0so that, since g o i is a monomorphism, we get £ = 0. □ 



Theorem 2.7. LKii/i hypothesis and notations of Lemma 2.1, the following assertions are equiva- 
lent. 

(1) C — ©riGNC„ is a strongly N-graded coalgebra. 

(2) E = ©ngpj-EVi is a strongly N-graded coalgebra. 

Proof. Let ((C a )aeN, (/3 c « ! ')o,6eN) be an inverse system in M, where, for a < 6, : C — > C a is 
an epimorphism. Assume that there exists a family I A^ b J 

^ ' ' a, bey. 

A? b : C Q+6 -> C <g) C fe , 



ker 



of morphisms and a morphism Eq : Co — > 1 which satisfy (||), (J4j) and (pi]). Let ^£J n ,i^™J 
for every n £ N. 

(1) =► (2) It follows from ® ig) o A£ b = A£ b o 

(2) => (1) By assumption, A^ b is a monomorphism for every a, b 6 N 



o! P which holds in view of Lemma 2.5 



In view of | AMI , Theorem 2.22], it is enough to prove that : C a +i 



C a ® C\ is a 



monomorphism by induction on a £ N. 
a = 0) From 

we deduce that Ap^ is a monomorphism. 

a — 1 => a) Since Af^ and i E ° <g> i^* are monomorphisms and 



which holds in view of Lemma 2.5, we deduce that A^ 1 o i B a+1 is a monomorphism too. From 
©, we get 



(Z?^;- 1 (8 d) o A£ x = A°_ ltl o /3g :+i . 



Hence by inductive hypothesis, we can apply Lemma 2.6 to the following commutative diagram 



E a +i 



o+l 
a+1 



C a +i 



■c a 



■ C a _i <g> Ci 



2.8. Let A4 be a coabelian monoidal category. 

Let (C,Iq) and (D,ifj) be two subobjects of a coalgebra (E, A,e). Set 

A C ,d := (Pc ®pS )A : B -> ^ (8 



□ 
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(C A E D, i e AeD ) = ker (A c ,d) , i% NeD : C A e D ^ E 

E E 
(tti — KiPca e d) = Coker (ig AjsD ) = Im (A c ,r») , Pca b d = E 



'CAjiJ}' roAEU ' VOA ^ — v-~,~,, CA B F- 

Moreover, we have the following exact sequence: 

(12) o^.^^jjA-.^o. 

Since (c^d^Pca e d) = Coker (i E AE , D ) and A c,_d ° «ca e d = °' b y thc universal property of the 

E . _E jo. _E 

CA E D ^ C w D 



cokcrnel, there is a unique morphism Ac d '■ r F n ^ 7* ® % such that the following diagram 



^CA E D E - *- F ^-c^d -0 




S, ea 2- 

C D 

is commutative. Since ( caeD >PC/\ e d) = I m (Ac.n) , it comes out that Ac.d is a monomorphism. 
Assume now that (C, i E ) and (D, i E ) are two subcoalgebras of (E, A, e). Since Ac.d € E Ai E , it is 
straightforward to prove that C A E D is a coalgebra and that i E A E D * s a coalgebra homomorphism. 
Consider the case C — 0. 
Since p|j is a morphism in B A4, we have 

A 0: d = (Id B <Z>p E ) o A = opg. 

Since p E / D is a monomorphism, we deduce that 

(0 A E D, i e AeD ) = ker (A ,u) = ker (pg) = (D, ig) . 
Analogously, in the case D — 0, one has 

(CA B 0,^ Ab0 ) = (C,^). 

2.9. Let (C,i E ) be a subobject of a coalgebra (E, A,e) in a coabelian monoidal category .A/f. We 
can define (see |AMS2| ) the n-th wedge product (C ABn ,i§ Ae „) of C in F where ig AE „ : C Ab " -> F. 
By definition, we have 

C Ab0 = and C Ae ™ = (7 Ae ™- 1 A £ C*, for every n > 1. 

One can check that f(C A_e D) A_e F, ifcA E D)A E F) and Ae (i? Ag F) , *ca e (da e f)) are iso- 
morphic, for every subobject C, F", F of F, and thus can be identified. Therefore C Ae1 Ae C Ae: > = 
(j/\ E i+j anc j we can C01is i(j er 

— E E E 

A c ^ i>C A Bj : CAei+j -)• ® ^— . 

Assume now that (C,i E ) is a subcoalgebra of the coalgebra (F, A,e). Then there is a (unique) 
coalgebra homomorphism 

icA%Z +1 : C Ab " -> C Ab,1+1 , for every n £ N. 
such that i E ABn+1 o i^1 E Z +1 — i E <* E n- We set 

F 

Fc := ©kgp 



' Ct\ E n 

and 

F EE 
A Ec := A^A„i : > ® . 

Since A is coassociative and by definition of A E f , it is straightforward to prove that Aff fulfills 



(13) [ A B ? ® — ^— ] A E ? h — [ — — — ® A Ec ) A B f , . 
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( 14 ) [rSx f^T^KS-^ 



C A E a + b 



(15) 

( T^TT ® C 6 ) ° = Af- li6 o . g/ Jf +t+1 , ( C ® T^TT ) ° Af£ = A E J +1 o t 

Theorem 2.10. Lei .M 6e a cocomplete coabelian monoidal category such that the tensor product 
commutes with direct sums. 

Let (C, i E ) be a subcoalgebra of a coalgebra (E,A,e) in a coabelian monoidal category M. For 
every n G N, we set 

(Jf\ E n+l 

Then Ec — ffing C A £ B ~ is a graded coalgebra, there is a unique coalgebra structure on grcE := 
(B ne jqgr c E such that 

i E 

®™eN^^ : gr c E -> E c 

is a coalgebra homomorphism and 

iE n 1 

(1) grcE is a graded coalgebra such that ® K gN %t^> is a graded homomorphism; 
(2) 

(16) ( l ^ Ea+1 ® !i^±i ] o A 9, f = A B £ o !l^±!±i ; 

\ ' I (JA E a (J/\Eb I a,b a,b (JA E a+b ' 

(3) e grc E = £e °ic °Po rcE '■ 
Moreover grcE is a strongly N-graded coalgebra. 

Proof. By (|l3|), (^) and (|l5|), we can apply Lemma 2A to the family ( c E En ) n eN- It remains to 
prove the last assertion. 

From 2), since both "^t' and A E ^ are monomorphisms, we get that A 9 J£ E is a monomor- 
phism too, for every a, b € N. Thus grcE is a strongly N-graded coalgebra. □ 

Definition 2.11. Let (C, i§) be a subcoalgebra of a coalgebra (£7, A, e) in a cocomplete coabelian 
monoidal category M. such that the tensor product commutes with d irect sums. 

The strongly N-graded coalgebra grcE defined in Theorem [2.10 will be called the associated 
graded coalgebra (of E with respect to C). 

Theorem 2.12. Let M be a cocomplete and complete coabelian monoidal category satisfying AB5 
such that the tensor product commutes with direct sums. Let (C, i E ) be a subcoalgebra of a coalgebra 
(E,A,e) in M. and let grcE be the associated graded coalgebra. 
Let 

rpC ._ rpc ( CAeC S 

1 - Ic \~c~ 

be the cotensor coalgebra. Then there is a unique coalgebra homomorphism 

'CA E C 



ip : gr c E -> T< 



c 



C 



such that Pq o ip = c and p\ o i/j = p 9 ^° . 
Moreover if> is a graded coalgebra homomorphism with 

VVn = (pf ^ A™ C £ o i 9 ^ cE for every meN 

and the following equivalent assertions hold, 
(a) grcE is a strongly N-graded coalgebra. 

(a 1 ) A g J° E : gr c +1 (E) — > gr c (E) ® gr c (E) is a monomorphism for every a G N. 
(6) ip n is a monomorphism for every n G N. 
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(c) if) is a monomorphism. 

(d) ® <i<n-i9r i c E = C A ^c«, for every n>l. 

(e) (So^Kigr^E = C® = C<c* . 



Proof. By Theorem 2.10, (a) holds. We conclude by applying [AMI, Theorem 2.22]. □ 



3. The Associated Graded Algebra 

3.1. Let M. be a cocomplete abelian monoidal category such that the tensor product commutes 
with direct sums. 

Recall that a graded algebra in A4 is an algebra (A, m, u) where 



lA n 



is a graded object of Ai such that m : A® A — > A is a, graded homomorphism i.e. there exists a 
family (m„) ^ of morphisms 

= m„ : ® a +b=n (A a ® A&) = (A (g) A) n -> A„ such that m = ©„ G N"in- 

We set 

TO«,6 : = ^ ® ^& ^4 (A ® A) a+6 A a+ }j . 

A homomorphism / : (A,rriA,UA) — ► (B, TOb,ub) of algebras is a graded algebra homomorphism 
if it is a graded homomorphism too. 

Definition 3.2. Let (A = ©„ e NA„, m, u) be a graded algebra in M.. In analogy with the group 
graded case, we say that A is a strongly N-graded algebra whenever 

mfj : Ai ® Aj — > Ai + j is an epimorphism for every i,j G N, 

where mfj is the morphism of Definition |3.l[ 



Proposition 3.3. [AMI, Proposition 3.4] Let M. be a cocomplete abelian monoidal category such 
that the tensor product commutes with direct sums. 

1) Let A = (B ne jqA n be a graded object of M. such that there exists a family (m atb ) ^ 

m a,b ■■ A a ®A b ^ A a+b , 
of morphisms and a morphism Uq : 1 — > Aq which satisfy 

(17) mi +b ^ c o (m£ 6 <g> A c ) = mi >b+c o (A a <g> m£ c ) , 

(18) m£ o (A d ® Mq 4 ) = r Ad , m£ d o ® A d ) = Z Ai , 

/or every a,b,c 6 N. TTien £/iere exists a unique morphism ttia ■ A eg) A — > A such that 

(19) m A o (if ® if) = if +b o m£ 6 , /or ever?/ a, fc 6 N 
holds. 

Moreover (A = ® ne ^A n ,m,A,UA — io ° "o 4 ) * s a graded algebra. 

2) If A is a graded algebra then 



(20) p* +b om A = m ib°{Pa®p£) 

a+b—n 



holds, ua — ifpfuA so that ua is a graded homomorphism, and we have that (|7j^ and (18) hold 
for every a,b,c € N, where uf = PqUa- 

Moreover (Ao,mo = m ooT u o — Pq u a) is an algebra in A4, pf is an algebra homomorphism 
and, for every n 6 N, (A n , mf n , w^ ) is an A^-bimodule such that if '■ A n — > A is a morphism 
of Ao-bimodules (A is an A^-bimodule through if). 



ASSOCIATED GRADED ALGEBRAS AND COALGEBRAS 



11 



Lemma 3.4. Let M. be a cocomplete abelian monoidal category such that the tensor product com- 
mutes with direct sums. Let {{A a ) ae ^, (a Ab ) a bea) be a direct system in M. where, for a < b, 

i A b : A a — > A b is a monomorphism. Assume that there exists a family (ra^i 



m A b : A a <Z> A b A a+b , 



of morphisms and a morphism Uq : 1 — > Aq which satisfy j\17Q, j\lg), 

(21) m A +1>b o ® A b ) = o m A b and m A b+1 o (a o ® 

/or every a, &, c £ N. A_i := 0. 

Then A = © n£ pj4„ is a graded algebra and there are unique algebra structure on ® n eK'^ J2 
such that 



A 



A, 



A n ^ 

is an algebra homomorphism. Moreover 

1) E = fflneNp^ is a graded algebra such that ®neMPA^-i * s a graded homomorphism; 

2) m^o^.,®^.,) 

o"\ -S An A 



Proof. It is analogous to that of Lemma 2.4. □ 



Lemma 3.5. Let be a cocomplete abelian monoidal category such that the tensor product com- 
mutes with direct sums. Let {{A a ) a( z^], (i Ab ) a .beti) be an inverse system in A4 where, for a < b, 

i Aa : A b — > A a is a monomorphism. Assume that there exists a family \m A b \ 

\ ' / a. beN 

m A b : A a (g) A b -> A a+b , 
of morphisms and a morphism u A : 1 — > Aq which satisfy fiP\), 

(22) m A b o ® A b ) = i A A "+l +i o m A +hb and m A b o (A a ® i^) - o m£ b+1 

for every a, b, c £ N. Sei A_i := 0. 

Then A = (& n eNA n is a graded algebra and there are unique algebra structure on ffitigfi /^ 
such that 

a„ ■ 



Ai+1 



tl 



is an algebra homomorphism. Moreover 

1) E ~ ®n&i A n +1 * s a 9 ra ded algebra such that (B n e?iP An +1 * s a graded homomorphism; 

E „ „A 4 



3) U E = l§ op A ° ou£ 



Proof. It is similar to that of Lemma 3.4. □ 



Theorem 3.6. With hypothesis and notations of Lemma 3.4, the following assertions are equiva- 
lent. 

(1) A = (B nl ziqA n is a strongly N-graded algebra. 

(2) E = (SneN A An - is a strongly N-graded algebra. 



Proof. It is analogous to that of Theorem 2.7. □ 



3.7. Recall from [ AMS2 that an ideal of an algebra (A, m, u) in a monoidal category (A4, ®, 1) is 
a pair (/, if) where / is an j4-bimodule and 

i A : J ->• A 
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is a morphism of A-bimodules which is a monomorphism in M. 

A morphism / : I — y J in aMa, where I, J are two ideals, is called a morphism of ideals whenever 




J 



Note that / is a monomorphism in M. as if is a monomorphism. Moreover / is unique, as ij is a 
monomorphism. 



3.8. Let A4 be an abelian monoidal category. 

Let (/, if) and (J, ij) be two subobjects of an algebra (A, m, u). Set 

mi J ■= m {if <%>ij) : I ® J ^ A 

(Qi,J, = Coker (mj.j) , irfj : A Qj, j 

(/J, z^) = Ker (tt^) = Im (to z ,j) , : JJ -> A 

The subobject (IJ,ifj) of A is called the product of I and J. 
Moreover, we have the following exact sequence: 

(23) 0-4/j4i^ Q ItJ — > 0. 

Since (IJ, ifj) — Ker (trfj) and irf j-mi^j — 0, by the universal property of the kernel, there is a 
unique morphism Wijj : I <g> J — > I J such that the following diagram 

h,j >0 




is commutative. Since I J =lm(mi } j) , it comes out that toj.j is an epimorphism. 
Consider the case I — A. 

Assume now that (I, if) and (J, ij) are two ideals of (A, m, u). 

In this case (IJ,ifj) is an ideal of A and mj : j g aA^a so that it is straightforward to prove 
that Qij is an algebra and that tt^j and algebra homomorphism. 
Since ij is a morphism in ^A'J, we have 

raA,j = m o (Id^ (g) ij) = ij o /ij. 
Since ij is a monomorphism and /ij an epimorphism, we deduce that 

(A J, iiuj) = Im (mx,j) = ( J, i j) . 
Analogously, in the case J = A, one has 

(IA,if A ) = {l,if). 

3.9. Let A be an algebra in an abelian monoidal category M. and let (J, i^) be a subobject of A. 
We can define (see [AMS2]) the ra-th power (l n ,if n ) of /, where if n : I n — !> A. By Definition 

1° = A and I n = I n ~ l I, for every n > 1. 

For every subobject I,J,K of A one can check that ^(/J) A, ij^^ and (^1 (JK) ,if^ JK ^j are 

isomorphic and thus can be identified. Therefore / ! / 3 = J^- 7 and we can consider mjiji : — > 
P+i. We set 

/»,', : 777, : J* ® 
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Assume now that (I, if) is an ideal of A. Then there is a (unique) morphism of ideals 

: I n+1 -> J", for every n € N. 
Since m is associative and by definition of mf it is straightforward to prove that • fulfills 

(24) ™i +b , c (m£ >6 ® I c ) = m^ b+c (7° ® m[ c ) . 

(25) md )0 (/ d (g)u) =r 7 d, m I Qd (u®I d )=l I d 

(26) m£ )6 o o 7 b ) = i^tb+i o m^ +li6 , m£ )6 o (l a ® i^ +1 J = o m£ >b+1 

Theorem 3.10. Let M. be a cocomplete abelian monoidal category such that the tensor product 
commutes with direct sums. 

Let (A, m, u) be an algebra in M. and let (I, ii) be an ideal of A in M.. For every n eN, we set 

I n 

gr?A = — —. 

Then @ n eV\L n is a graded algebra and there are unique algebra structure on gr\A := (Bneng^A 
such that 

©„ eN Pj„+i : ©„ eN 7" griA 
is an algebra homomorphism. Moreover 

1) griA is a graded algebra such that (Dneti^n is a graded homomorphism; 
2) 

(27) m9 a,b A ° U>/»+i ® Pib+iJ = Pil+l+i ° m^j, for every a,beN 

3) U griA =l J Q O pj O U 

Moreover griA is a strongly N-graded algebra. 



Proof. By (J24), fl25p and ([26[), we can apply Lemma 3J3 to the family (I n ) ne ^. It remains to prove 
the last assertion. From 2), since both Pj a+b+1 and m} a b are epimorphisms, we get that rn 9 ^ is 
an epimorphism too, for every a, b € N. Thus griA is a strongly N-graded algebra. □ 

Definition 3.11. Let M be a cocomplete abelian monoidal category such that the tensor product 
commutes with direct sums. 

Given an ideal I of an algebra A in A4, the strongly N-graded algebra grjA defined in Theorem 
3.10 will be called the associated graded algebra (of A with respect to /). 

Theorem 3.12. Let M. be a cocomplete abelian monoidal category such that the tensor product 
commutes with direct sums. Let L be an ideal of an algebra A in M an let grjA be the associated 
graded algebra. 
Let 

be the tensor algebra. Then there is a unique algebra homomorphism 

(fi ■ t a{-^) -> griA, 

such that tp o = io~ lA and ip o if = if rjj4 . 
Moreover ip is a graded algebra homomorphism with 

gr,A —t-1 fA9riA\® Aot f . , M 

Lp t = P t ° m gri A I l X ) J or ever U 

and the following equivalent assertions hold. 

(a) griA is a strongly N-graded algebra. 

(a 1 ) m g J[ A : grjA ® grjA — > gr® +1 A is an epimorphism for every a 6 N. 

(b) ip n is an epimorphism for every n G N. 

(c) ip is an epimorphism. 

(d) ®i> n gr\A = (® i > 1 gr i I A) n , for every neN. 
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(e) @i>2gr\A = {®i>igr\AY 
Proof. By Theorem |3.10 , (a) holds. We conclude by applying [ AMI , Theorem 3.11]. □ 



4. The Associated Graded Coalgebra of a Bialgebra With Respect to a 

subbialgebra 

Lemma 4.1. Let (M,c) be a cocomplete abelian braided monoidal category such that the tensor 
product commutes with direct sums. Consider in (M,c) a datum (B,mB,UB, Ab,£b) consisting 
of a graded object B with graduation defined by (Bk) kefi such that, with respect to this graduation, 

• {B,rriB,UB) is a graded algebra and 

• (B, Ab,£b) is a graded coalgebra. 
Assume that for every a, b € N, 

2J (is ®it) A Sit m a:b 

s+i— a-\-b 

= 2J X! (is'+s" ® if+t") o (m B ',s" ® m t ',t") ° (B s > ® CB t ,,B,„ ® B t ») o (A s ',t' ® A s », t ") 

s'+t'—a s" +t" =b 

£o"Jo,o = mi (so ® £o) ■ 
Then B is a graded braided bialgebra in (M.,c). 

Proof. It follows easily by using (|l9|), (||). □ 

Theorem 4.2. Let M. be an coabelian monoidal category. Let ((Xi)igN, (£;)jjen) be a direct system 
in M. where, for i < j, £| : X, — >• Xj. 

Let (£j : ^ — > X) iG ff be a compatible family of morphisms with respect to the given direct system. 

Assume that 

• £| : Xj, — > Xj is a split monomorphism for every i < j, 

• X = 0, 

• £i : Xi — > X is a monomorphism for every i e N 

and denote by T{ : X — > -y- the canonical projection for every i 6 N. 
Then, for every n 6 N, i/ie following sequence is exact. 

x a ®x 6 L — > j at®a: 1 — > ® a^®^ - 

a+6— n+1 a+b— n 



Proof. Apply [AM3, Theorem 3.1]. □ 



Notations 4.3. In this section, from now on, the following assumptions and notations will be 
used. 

(A4,c) is a cocomplete abelian coabelian braided monoidal category such that the tensor product 
commutes with direct sums. 

Let if '■ B ^ E be a monomorphism in M which is a braided bialgebra homomorphism in Ai and 
let i%,, En : B Ab ™ ->• E and if^a : B hEa -> B AEb (a < b) be the canonical injections. 
Assume that if^ E Ea is a split monomorphism in M. for every a < b. 



By Theorem (.i, we have the following exact sequence 



E E 



a+b=n+l a+6=n 



Let 



^ B AEa ® B^ Eb ,[3 n j =Im|v ( 



if A E a Igl «|A E b) a + f)=n+1 



Va+fc— n+1 
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and let 

7 „ : B AEa ® B 

a+b=n+l 

be the unique morphism such that 



A E 6 



a+b— n+1 



(28) 



Pn ° In = V 



Since (B AEa+b , if AE a +6 ) = kcr((pf AEa ®p E B „ Eb ) A E ) , we We (pf AEa (gipf Ae6 ) o A^oi 



oApO! 







so that 

A [(p|A B a ®p|A Eb )a+6=«j 

anc? hence, by the exactness of the sequence above, there exists a unique morphism 

a n : B AEn -> BAEa ® BAEb 

a+b— n+1 

such that 

(29) A E o if a e „ = /3„ o a„, for every n e N. 
Lemma 4.4. 0) For every s,t,u,v G N, we /lave 

(30) (p|a es ®p|a e4 ) o(m E (8)m£;)o(£;®c(g)E)o( ( 8 u (g)^)o(7„(8)7 l ,) 



B A E a + 6 



= V 



{[p%A E sm E (i|A E a ®i| AB I.)] 8 [pfAEtWB (if Aj5 c ® jf Ag „ ) ] ) 



O (B AEa ® C B A E c b a e6 ® B^Ed\ 



a+c—u+1 
b+d=v+l^ 



1 ) The following relations hold. 



(31) 



?>f a eii +„-iTOe («Ia eu if a e ») = /or every u,« 6N,u + «> 1. 



<?) For every a,b E N, there exists a unique morphism m°' 6 : S A s a + 1 (g> £>A E b+i _^ ^jA E a+f)+i suc /j 
i7ia£ 



(32) 



!gA £ .+t+i o m A = m_e (i^A E a+i ® !gA E Hi) , for every a, 6 6 N. 



5j For every a, b,c,d £ N, we have 

- a+b ' c o (m a ^ b g B AbC+1 



m , 



a,b+c i t-> 
m A o | B 

0,d 



A E a+l 



m a,0 o ( B A E d+l q Ug ^ = rfiABd+lj m ^d Q ^ £A E d+l) = ^ Ab<j+1j 



a+1,6 ( -B A E a + 2 „ e>Af6+i\ ._B A -E a + 6 + 2 a,b 



a, 6+1 / 

A O 



*HA E b+l I — *DA E a + b+l ° TO A 



, *BA E a + l 55 B 

Proof. See the Appendix. □ 

Proposition 4.5. © ne pj-B AE " is a graded algebra and there are unique algebra structure on 
gr E E = @ n £^gr B E such that 

®nenP%ZT ■ ©„ eN B AE " +1 -> gr B E 

is an algebra homomorphism. Moreover 

1) gr B E = (Bnengr^E is a graded algebra such that © n eN.pf a e ™ + * s a graded homomorphism; 
2) 



(33) 



B A E a + b+l b E / B A E a+l B A E 6+ 1 \ 

P B A E a+b 771 A ^m y a E o[p B „ Ea ®p B r, Eb J 



o\ -arsE b 

3) U grBE = l y O Pb * Ae0 OU B 



Proof. By Lemma 4.4, we can apply Lemma 3.4 to the family (B AEn+1 ) ne ? 



□ 
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Theorem 4.6. Let (Ai,c) be a cocomplete and complete abelian coabelian braided monoidal category 
satisfying AB5. Assume that the tensor product commutes with direct sums. Let i B : B ^-s> E be a 
monomorphism in M. which is a braided bialgebra homomorphism in Ai and leti B A E n ■ _B As " — > E 

and i B A. E a : B Kecl — > B AEb (a < b) be the canonical injections. Assume that i B A E a is a split 

monomorphism in Ai for every a < b. 

Then grsE is a graded braided bialgebra in (A4,c). 



A E n ■ 



Proof. Set i n := if Abo , p n := p%„ En and p™ +1 := p| 

By Theorem 2.10 , (^grsE, A grB E, £ grB E = £c ° °~c ° ftT cB ) 1S a strongly N-graded coalgebra. 
By Proposition |4.5| , (grsE, m grB E, u grB E — i 9 $ BE op\oub) is a graded algebra with the same 



graduation defined by (gr B E) 



feeN' 



By Lemma |4.1| , in order to get that grsE is a graded braided bialgebra we have to prove that 

(i 9 s rBE ®iT BB )^ 9 s7 B °<T 



E E 

s'+t'—a s" -\-t"=b 



1 C B A E t' + i b a e3 " + i 

B A B'' ' B A E=" 



for every a,b S N. Denote by 

the canonical injection. Since 

©meN 



E 



E 



lw+l\ .gr B E ■ l s+l 



B Ae ' 



for every s 6 N 



and ©toGN-g^F is a monomorphism (our category is an ABA category [Po page 53]) and Pa +1 ®Pb +1 
is an epimorphism, the equality we have to prove is equivalent to 



E o«®jt) 



s+t—a+b 



1-s+l ^ l t+l 



. QtbE ar B E ( a +l «. 3+l> 



E E 

s'+i'^a s" -\-t" —b 



qr B E ~ qrf>E\ 

: ! ! m_, „„ © m", "„ ) o 



B A -E a 



"E t ' + 1 B A E°" + 1 «S B A E t" 



(a^ b ®a^)o(ps +1 ®p 6 6+1 ) 



By using (33), (|16|), (p2|), the compatibility between and m^, and (|29[), the first term 
rewrites as 

E Us® it) ° (ft, ©ft) ° (toe ©m B ) o (E®c e ,e ®E)o ((3 a+1 ® /3 b+1 ) o (a 0+1 ® q 6+1 ) 

s+t— a+b 



On the other hand, in view of jig), the second term rewrites as So (ck g +i ® ab+i) where 

© jV +t ») o (^f^r © i^r) o (r 



E 

s"+t"=6 

We will prove that 



, ml, "„ © m", ) o 



(J A E S + 1 b Ab ' +i 



V,t' 5v fs",t"+l 



E C?« ® ■?*) ° (ft ® ft) ° ( m E © ° ( E © C B:£ ; © o (jg a+1 ® /3 b+1 ) 
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Since j a +i ® 76+i is an epimorphism, equivalently we will prove that 

3 o (7„ +1 <g> 76+i ) 

X! C?« ® it) ° (P« ® Pt) ° ( m E ®m E )o(E® c e ,e ®E)o (p a+1 (g) p b+1 ) o ( 7a+1 ig) 7 6+1 ) 



s+£— a+6 



This is achieved by using (|47|), (|33j), (|32|), naturality of braiding and (|30| 
In view of Lemma 4.1, it remains to prove that 

c gr B E gr B E 



l 0,0 



mi o 



( F 9 



gr B E 



§r B E 



This follows easily once proved that £q 
In view of Theorem 2.10, we have 



gr B E _ 



Eb and m^Q E = tub 



-gr B E 



£grcE 



gr B E 



e E oa B o pi 



gr B E -gr B E 



O I 







£e ° «f = £b- 



Since 



£ 0,0 (N) /„'E 

z B o m A ' « m B U B 



i%m B 



we get that m A '° = raj and hence 



<7r B _B qr B E t 1 _ 1\ <M) 1 0,0 

m o,o = TO o,o (Po ® Po) - Po m A = TO 



0,0 

A 



□ 



Theorem 4.7. Lei (.M, c) &e a cocomplete and complete abelian coabelian braided monoidal category 
satisfying ABB. Assume that the tensor product commutes with direct sums. Let ig : B » E be a 
monomorphism in M. which is a braided bialgebra homomorphism in Ai and let i| AE „ : B AeTI — > E 

and ig^E" 



B AEb (a < b) be the canonical injections. Assume that ig^a is a split 



monomorphism in A4 for every a < b. The following assertions are equivalent. 

(1) gr E E is the braided bialgebra of type one associated to B and ^ . 

(2) gr E E is strongly N-graded as an algebra. 

(3) A = (B n( zmB AEn+1 is strongly N-graded as an algebra. 

(4) B AE ' n+1 = (B AE2 )' En for every n>2. 



Proof. Consider the graded algebra homomorphism 

r>A E "+l 



Jn£NPB A E™ 



gr B E 



of Proposition 4.5 



(1) (2) It follows in view of [AMI, Theorem 6.8] (where ABB is required) and by Theorem 
2~10| . 

(2) (3) It follows by Theorem |]| 

(3) <^ (4) Let ip :T — Tb (B Ae2 ) -> ® neN B AEn+1 be the canonical morphism arising from the 
universal property of the tensor algebra and let ip n : (£? A E 2 )® Bn B AeU+1 be its graded n-th 
component. In view of [AMI, Theorem 3.11], (3) is equivalent to require that (p n is an epimorphism 
for every n > 2 (note that (po and tpi are always isomorphisms). Let us prove that 



i™ 1,1 o (ip n ^i <g> B Ae2 ) , for every n > 2. 



(34) <f n O X( B A B 2)®Bn-l ;B A E 2 

where xx,y :X®Y^>X®bY denotes the canonical projection. 

Note that, being ip a graded homomorphism and in view of its definition, one has 

iBTl— l 



Z b a b ™ O <£ n _i = ip o I 



(,B A -E 2 ) 



2\®f 



so that 



Vn°X 



p„ o m A o 



4 n _l / . 4 \QS B n 



( 7 



B " _1 S A -B 2 



-71-2 



? B A E 2 



O TO A O [(l B A E „ o ^ n _i) <g) i 



B A -E 2 
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Hence (34) holds. Next we prove 

(35) *|a e ,i+i ° <^„ = m^T 1 o (ig / , E2 ) <8 ' Bn , for every n > 2. 

This is achieved by induction, composing on the right both sides with the epimorphism XfQ A E 2 ) 8 ' sn-1 b a E 2 



and using (|3j), (J32 

Now, if tp n is an epimorphism, then 

(B A * n+1 > if AjsB+1 )=Im 



n-l „ / „•£ 



Conversely, if (B Ae " +1 , «^ Ae „ +1 ) = (£> Afi2 ) b , then there exists an epimorphism 

V ' n : (s A - 2 )® Bn ^B A -" +1 

such that 

In view of (^5|) and since i^ Ajs „ +1 is a monomorphism, we get that ip n = ip' n . □ 

Corollary 4.8. Le£ H be a subbialgebra of a bialgebra E over a field K . The following assertions 
are equivalent. 

(1) gr^E is the bialgebra of type one associated to H and HA ^ H , 

(2) gr^E is strongly N-graded as an algebra i.e. grjjE is generated as an algebra by H and 
ha e h 

h ■ 

(3) © nC N-ff AEn+1 * s strongly N-graded as an algebra. 

(4) H AEn+1 = (H A E H)' En for every n>2. 



Proof. We apply Theorem 4.7 to the case {M., c) = (23ec {K) , r) where r is the canonical flip. □ 

Remark 4.9. Let H be a subbialgebra of a bialgebra E over a field K and assume that iJ contains 
the coradical of E (e.g. E is connected). Assume that one of the conditions of Corollary 4.8 holds. 
Since H contains the coradical of E, then the filtration (-^ AE ™ +1 ) neN is exhaustive hence (4) 
implies that E is generated as an algebra by H Ae H. The converse of this implication seems not 
to be true in general. Nevertheless we c ould not find a counterexample. 

When E is connected, in Corollary [D| we recover part of [|Kh| , Theorem 3.5] although for 
ordinary Hopf algebras. 

5. The Associated Graded Algebra of a Bialgebra With Respect to a Quotient 

bialgebra 

Lemma 5.1. Let (A4,c) be a cocomplete coabelian braided monoidal category such that the tensor 
product commutes with direct sums. Consider in (A4,c) a datum (B, tub, ub, A^, £b) consisting 
of a graded object B with graduation defined by (-Bfc) fceN such that, with respect to this graduation, 

• {B,m,B,UB) is a graded algebra and 

• (B, Ag,£g) is a graded coalgebra. 

Assume that for every a,b S N, 
^ A 0jb m M (p s ®p t ) 

s J ct=a-\-b 

= ^2 ^2 (m s >, t > ® m s ", t ") ° (B s > ® c Bs „,B t , ® B t <<) o (A s / ia « ® A t / it «) o (p s > +s " ® pt'+t") 

A , °«o = (uo ® "o) ° Ai. 
Then B is a graded braided bialgebra in (Ai,c). 



Proof. It is analogous to that of Lemma 4.1. □ 
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Notations 5.2. From now on the following assumptions and notations will be used. 

(M,c) is a cocomplete abelian coabelian braided monoidal category. Assume that the tensor 
product commutes with direct sums. 

Let 7r : E — > B be an epimorphism in A4 which is a braided bialgebra homomorphism in Ai and 
let (/, if J :— ker (71") . Assume that 

E E E 

' Ta+l ^ Ta 

is a split epimorphism for every a 6 N, where i\ a +i ■ I a+1 — > I a is the canonical injection. 

The family ((jt) a eN, ( 1^ )agw) fulfills the conditions of Theorem J^.i when regarded inside the 
V+i ' — 

dual of the abelian monoidal category M.. Thus we have the following exact sequence 

a-\-b—n a-\-b— n+1 



Let 

and let 



(I n (E) , P n ) := Im {A [(pf B ® pf0„ +6 =n+l 



} 



ln :E®>E-»I n (E) 

be the unique morphism such that 

(36) p n o ln = A[(pf a ®pf b ) a+b=n+li 

Since (/ a+b , if +i) ) — Im (trig o (if ® if)) , we ftawe pf a+i) o m B o (if ® if) = so that 



E r-r 

Pj n o rriE ° V 







and hence, by the exactness of the sequence above, there exists a unique morphism 

E 



a n : I n (E) 



I" 



such that 

(37) pf n o rtiE = a„o 7„, for every n G N. 
Lemma 5.3. 0) For every s,t,u,v G N, we have 

(38) {fi u ® o ( 7 „ <g> 7t) ) o (J5 <g> c ® £) o (A B ® A B ) o (if. ® if) 



= A 



-«Ce e OS — j 



o ([(pf ®pf ) Afiif.] «) [(pfc ®pf ) A B if ]) 



a-}-c=u+l 
b+d=i)+l 



1 j TTie following relations hold. 
(39) (pf, ®pf ) oA E o if u+v _! = for every u, v G N, it + u > 1. 

£J For every a,b G N, there exists a unique morphism 



A 



a.b 



E 



E E 



v ' ja+fc+l ja+l ^ Jb+l 

(40) A"' 6 opf +b+1 = (pf„ +I ®pf +1 ) A B , /or eueri/ a,o G N. 

3) For every a, 6, c, 0! G N, we /iai>e 



o A 



V 



£ -a5 c 



Ja+1 



A 



V J 



/ F 



Jd+i® £B J oA v = ^+i ) Us 



F 

Jd+l 



A 0,d _ ,-1 
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IE E \ ,„±i i . „ h E IE E \ . „ tii .„i -E 



o A v = A v o -— — , — — ——- o Aw T = A x/ 



l Ja + 2 1 I l Ja + b + 2 \ 1 ' Jb+2 I tj a + 6 +2 



Proof. It is analogous to that of Lemma 4.4. □ 

Proposition 5.4. ® n gN j^+i * s a graded coalgebra and there is a unique coalgebra structure on 
grjE = ©„ e N5f" E such that 

i E E 

®n&ij^l ■ griE -> (BnGNj^ 

is a coalgebra homomorphism and 

(1) griE = (Bnengrf E is a graded coalgebra such that ® n gw ji+i is a graded homomorphism; 
(2) 

/ :E jE \ aE 

fAt\ I l I a ^ I b \ AQriE A a,b l Ia, + b 

( 41 ) I oA U = A v 



(3) £ S r_f_E =£B°Po 



griE 



Proof. By Lemma |5.3| , we can apply the Lemma 2.5 to the family ( jSfi )ngw- D 



Theorem 5.5. Le£ (M, c) be a cocomplete and complete abelian coabelian braided monoidal category 
satisfying AB5. Assume that the tensor product commutes with direct sums. 

Let 7r : E — > B be an epimorphism in M which is a braided bialgebra homomorphism in M and 
let (/, if J := ker (tt) . Assume that 

E E E 

is a split epimorphism for every a 6 N, where i\ a +i ■ I a+1 — > I a is the canonical injection. 
Then gr\E is a graded braided bialgebra in (M,c). 



Proof. It is analogous to that of Theorem 4.6. □ 



Theorem 5.6. Let (M., c) be a cocomplete and complete abelian coabelian braided monoidal category 
satisfying AB5. Assume that the tensor product commutes with direct sums. Let ir : E — > B be an 
epimorphism in A4 which is a braided bialgebra homomorphism in M and let (l,if\ :— ker (ir) . 
Assume that 

E E E 

il a ' Ta+l Ja 

t-Ja + l 1 1 

is a split epimorphism for every a £ N, where i\ a +i ■ I a+1 I a is the canonical injection. The 
following assertions are equivalent. 

(1) grjE is the braided bialgebra of type one associated to B = M- and jz. 

(2) griE is strongly N-graded as a coalgebra. 

(3) C = ©neNT^TT is strongly N-graded as a coalgebra. 

(4) (I n +\if n+1 ) = (/2) Ab ™ f or ever y n >2. 

Proof. Consider the graded coalgebra homomorphism 

i% „ . E 



^eNTTTT : g r I E -> ©ngN 



of Proposition 5.4. Note that in view of AB5 condition, this morphism is indeed a monomorphism. 



3.10 



1) (2) It follows in view of [AMI, Theorem 6.8] (where AB5 is required) and by Theorem 



(2) <^> (3) It follows by Theorem |2 . 7| that , by Lemma pig , can be applied to the family ( j^fi ) n eN- 

(3) <=> (4) Let tp : ffi n6 N-j|r — > T c — T% be the canonical morphism arising from the 
universal property of the tensor algebra and let 
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be its graded n-th component. In view of [AMI, Theorem 2.22], (3) is equivalent to require that 
tpn is an epimorphism for every n > 2 (note that ifio and ip\ are always isomorphisms). Let us 
prove that 

E V>n = (tpn-1 



(42) 



c (#) Df 



I 2 



o A™ 1,1 , for every n > 2. 



where (x.y ■ XObY — > X <E>Y denotes the canonical injection. 



Note that, being ip a graded homomorphism and in view of [AMI , Theorem 2.16 and Proposition 
2.19], one has 

i>n°P%-i = Pn-i ° ^ = (p?Y 

so that 



/- rpc , f^Dgti- 1 —r-n — 2 



Cs^B"-! E ° {Pi 



o o i 



c 

C w l n 
C 



D B n-l -r-ra-2 



C 



o A c 

c 



o Ac o i n 



= [{i) n -l °Pn-l) ®Pl] °Ac«„ C = {tpn-l <8> C X ) o (p£_ x ® pf ) oA C oi„ C 

Hence (]42|) holds. Let us prove by induction that 



I 2 



o A 



71-1,1 



(43) 

n = 2) We have 



V>n °P/ii+i = (P72J o A E , for every n > 2. 



Cj|, J* ° V"2 ° P/3 ^ ( -01 <8> 72 ] o Av' 1 o pf 3 



7 2 

Av 1 opf 3 S (pf 2 ®pf 2 ) o A B = C 4 , 4 o (pf 2 n s pf 2 ) o A E 



n — 1 =>■ n) We have 



Cf E sUgn-l E ° 4>n OP/n + 1 



(El 



^n-1 ® 72") A v 



n—1,1 _E 

P/n + l 



□ B n-1 



P/2 



pf 2 O A 



l -2 E 
3 ^72 



a /- I e\^b'i -r-r. 



We have so proved that (|4j^) holds. 
Now, if ip n is a monomorphism, then 



(/* + \i?„ +1 ) =ker(^„opf„ +1 ) =ker[(pf 2 ) DBn oAl- 1 



ker 



(pf 2 ) 8 "oA«- 1 



2\ Ae" 



in 



Conversely, if (l n+1 ,if n+1 ) = ^/ 2 ) AE ' 1 } then (pf 2 ) Ds " o A^ 1 factors to a monomorphism 



such that ip' n o pf n+1 = (pf 2 ) aBn o A E . In view of (^) and since pf n +i is an epimorphism, we 
get that ip n = i\>' n . □ 

COROLLARY 5.7. Let J an ideal of a bialgebra E over a field K and assume that J is also a coideal. 
The following assertions are equivalent. 

(1) grjE is the bialgebra of type one associated to -j and -jz. 

(2) grjE is strongly N-graded as a coalgebra. 

(3) ©neNj^TT is strongly N-graded as a coalgebra. 

(4) J n+1 = (J 2 ) Ab ™ for every n > 2. 
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Proof. We apply Theorem 5.6 to the case (M., c) = (2Jec (K) , r) where r is the canonical flip. □ 

Appendix A. Technicalities 



Proof of Lemma J.-4- ■ Set i n := i E A E a and p n -—p E A En - 

0) It follows by using (28) and naturality of c. 

1) Let us prove by induction on u + v > 1 that p u + v -im E (i u ® iv) = 0. 
u + v = 1) is trivial as io = 0. 

it + t; > 1) If u = or v = there is nothing to prove. Let u, v > 0. Assume that the statement 
is true for every i, j such that l<i+j<u + v and let us prove it for u + v. First of all we will 
prove that 

(44) (Pu-i ® p v ) o A E o m E o (i u (g i„) = 0. 

Using the compatibility of and m E , and ( f29j) we get 

® ?w) 

= (Pu-i ®Pv) ° (m E ® We) o (E ® c <g 2?) o (/3 U <g o («„ (g a„) 
Let us prove that 

(Pu-i ® P«) ° K ® ms) o (E <3 c® E) o (f3 u ® /3„) = 0. 
Since 7„ (8) 7t> is an epimorphism, this is equivalent to prove that 

(Pu-l ° {m E ®rn E ) o (E (g> c ® E) o ((3 U (g /?„) o (j u ®j v ) = 0. 

We have 

(Pu-i <%>Pv) ° (rn E ® "ib) o (25 ® c ® 2?) o (J3 U ® o (7^ <g> 7^) 



V 



(([p«-ira_E («a <S> «&)] <8> [Pvm E (i c ® id)]) ° (B Ae<1 ® c 



,j \ B c E A E b (*) B B ))o+C=tl + l 

b+d=v+l 



Note that (a + b) + (c + d) = (a + c) + (b + d) = u + v + 2. 
If u — 1 > a + b — 1 then a + 6<u<u + t> and we have 

E 

Pu-im E (i a <g> i 6 ) = — j — Pa+b-im-E (i a ® *b) = 0. 

Ifu — l<a + 6— 1, and u < c + d — 1, then u + w < a + 6 + c + rf — 3 = u + u — 1. A contradiction. 
Then v > c + d — 1. Thus c+ d < U < u + v so that, as above, we get p v m E (i c <g id) = 0. 
Hence 

(Pu-i ®Pv) ° (m E ® m B ) o (E ® c® E) o (j3 u (g /3„) o ( 7tl ® 7t) ) = 

and so (44) holds. 

Let A u _i^, := A^a e u-i |B a b « 
morphism 



(??«-! <8>Pd) o A^. Then, as seen in |2.8| , there exists a unique 



A, 



E 



E 



E 



E 



such that A tt _i,„ op„ + „_! = A M -i !0 . Furthermore A u _i itJ is a monomorphism. From 

At,_i )t , o o tob o (i„ (g) = A u _i it , o tob o (j„ (gi i„) ® 

we deduce p M+t) _i o to^ o (j u (g i v ) = so that we have proved (|3i"|). 

2) From (31), we get p a+ b + im E (i a +i ® h+i) = for every a, £ N. By the universal property 
of the kernel there exists a unique morphism to"' 6 : B AEa+1 ® S ABf,+1 B AEa+b+1 such that @ 
holds. 

3) From (|3^), we get 

o (m"' b g) S AbC+1 ) = tob (m E 2) E) (i a+1 ® i b+1 ® i c+i ) 
= to_e (E ® m B ) (i a+ i (g) i h+ i (g i c+1 ) 



«a+fe+c+l W A 



«a+b+c+l W A ' 



a,b+c Q I g/\ E a+l 



(g m A 
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so that, by associativity of mg, we obtain 

a+b.c ( a, 

ia+b+c+i om A o I m A 



b o ^A E c+l 



Since i a+b+c+ i is a monomorphism, we deduce that 



i a + b - c o (m^ fc (8 B Aec+1 ) = m A ' b+c o (V EQ+1 ® m A ' c ) ■ 



On the other hand, by applying (p2|), we infer that 

id+i ° m/ ° (B A - Bd+1 (g) u B ) = m E {E® u E ) (i d+1 <8> 1) = r E (i d+1 <S> 1) = o r B A E d+i 

so that, since i^+i is a monomorphism, we obtain m A '° o ^B AEd+1 ® Ms) = r B A E d+i. Similarly we 
prove that m A d o (u B <8> iJ AEd + 1 ) = l B A E d+i. We have 



a+1,6 _ /.S A B a + 2 „ D A E h+l 



i Q+b+2 om A o\i BAEa+1 ®B 



m E o (i a+2 ® i b+1 ) o (if ® 



f o • \ a,h • .£ A E a + i, + 2 a fc 

— mE°(!a+l®ii)+l)= ! a+Hl om A = «a+b+2 ° « B A E a+b+l O TO A . 

Since i a +b+2 is a monomorphism, we deduce that m A +1 ' b o (t^A^ ® B Ae!,+1 ) = i^^j °'7i A & 



A y _B A E a + 1 

The right hand version of this formula follows by similar arguments. 
Lemma A.l. There exists a unique morphism 

j^/\ E a+l ^jAeo+1 



□ 



such that 
(45) 



9 a , : ^ B AeU ®B AeV 

u + v=a +b+2 



(gAga+ 1 B A E b + lN \ 
P B A E a (8>P B A E 6 j0/3 a+fe+1 



^JA E a w ^A E b 



^A E a w ^JA E b 



Moreover, for every a, & £ N, we /icwe 

(46) 6> ajb o a a+b+1 = A y a J op BAEa+b , 



(47) 



9a,b O Ja+b+1 = V 



O u ,a+lOi>,b+\PB*B°- ®P B A B i, 



u+v—a+b+2 



Proof. Set i n := i B * E a,p n ■= a e „ and := p B T E l +1 . 
Since p s «t = for every s > t, we have 

( E E 



- o {Pa®Pb) O /3a+b+l O 7a+6+l V [[(Poiu ®P6+li«)]„ +t , =a+6+2 ] = 0- 



I b AeCL f b+ 
\ ^b 

Since 7 a +&+i is an epimorphism, we get 

<«) ( E - E 



By the universal property of the kernel applied to the exact sequence, 



-> 



J5 B 



A B &+1 _B (g,-%tl 



E m g 



B/\ E a BA E b 

there exists a unique morphism 



u+t!— a+b+2 



£>f\ E a B AEb B AeCL B AEb+1 

E B AEb+1 



0. 



B^e<i " B Ae b 



such that 



= (Pa®Pb) 0Pa+b+l- 
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Now 

E i b+ i \ ( E B AEb+1 \ ( E E 



° {Pa ® Pb) O Pa+b+1 = 



Bh E a+l ^ 5A E 6 J B Ae1 > J "a,b B Ae1 > 

where the last equality follows analogously to @). Since B A^a+i ® jprgs is a monomorphism 

we get (^tt 55 B b^e>> ) ° 6 = 0- By the universal property of the kernel applied to the exact 
sequence, 

; B AEa+1 B AEb+1 w^® s pt E ^ L E B AEb+1 #t«^^ E B AEb+1 
b Ae<1 B AEb B AEa B AEb B AEa+1 B AEb 

there exists a unique morphism 

JJ/\ E a+l J^A E b+l 



B AB " $ B Ae ' 

Z-^ 5A E « £A E b 



such that 

*„+! 5 AEb+1 



5^ ^ 5A E t < " " a . b - w a,b- 



o6 n 



Thus (g|) holds true. 

Let us prove (|4^). We have 

A E b 



]]A E a " B Ae 



° #a,b ° "a+b+l = (Po ® Pb) ° /?a+b+l ° "a+b+1 = (Pa ® Pb) O A £ O i a+i , + 1. 

On the other hand, in view of definition of A^ b (see 2.8), we have 

!^±L * At* "\ o A7 B o P a + b+1 & A B h o 4+b+ \ o P a + b h +1 

A E b j a,b f a +b "a, 6 p>A E a+b ^a+b 



jgA E a " B AEb ) a ' "a+b a,o jz> 

= Af b o p a+b o i a+6+ i = (p a ® p b ) oA E o ia+6+1 



Hence 



® ^ J ° ° a ' b ° aa+b+1 = [b^ ® J A ' » Pa + b 



B n E a y> RARi , is a monomorphism, we get (|46t). 
Let us prove (|47|). We have 

^ ® "gXifc J ° 0a . fc ° Ta+6+1 - {Pa®Pb) O (la+b+1 ° 7a+b+l 

^ {p a ® Pb ) O V [(i u ® « U ) u+ ^ =a+6+2 ] = V [(p a l u ® Pfci«) u+ „ =0+6+2 ] 
= V [<5 u ,a+l<^,6+l (p a *a+l ® Pbib+l) u+1 , =a+b+2 ] 

= (^Sr ® |S) ° v [<Wi<Wx (Pa +1 ® ^ +1 ) u+ _ +fc+2 

Since g' + B ' 8 ® ^ is a monomorphism we get (p7|). □ 
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